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We estimate the axion properties i.e. its mass, topological susceptibility and the self-coupling
within the framework of Polyakov loop enhanced Nambu-Jona-Lasinio (PNJL) model at finite tem-
perature and quark chemical potential. PNJL model, where quarks couple simultaneously to the
chiral condensate and to a background temporal quantum chromodynamics (QCD) gauge field, in-
cludes two important features of QCD phase transition, i.e. deconfinement and chiral symmetry
restoration. The Polyakov loop in PNJL model plays an important role near the critical temperature.
We have shown significant difference in the axion properties calculated in PNJL model compared
to the same obtained using Nambu-Jona-Lasinio (NJL) model. We find that both the mass of
the axion and its self-coupling are correlated with the chiral transition as well as the confinement-
deconfinement transition. We have also estimated the axion properties at finite chemical potential.
Across the QCD transition temperature and/or quark chemical potential axion mass and its self-
coupling also changes significantly. Since the PNJL model includes both the fermionic sector and
the gauge fields, it can give reliable estimates of the axion properties, i.e. it’s mass and the self-
coupling in a hot and dense QCD medium. We also compare our results with the lattice QCD
results whenever available.
PACS numbers: 25.75.-q, 12.38.Mh
I. INTRODUCTION
The axion was originally predicted to solve the strong CP (charge conjugation and parity) problem in a dynamical
way [1–4]. Due to the non abelian nature of the gauge fields QCD allows topologically non-trivial Chern-Simons
term, Lθ ∼ θ TrGµνG˜
µν . Note that this Chern-Simons term which is allowed by the gauge symmetry, does not
affect the classical equation of motion. However, this term has important quantum mechanical effects [5]. For a
nonvanishing value of θ, CP symmetry is explicitly broken in QCD. Stringent constraints on the CP-violating θ term
comes from the measurement of the electric dipole moment (EDM) of neutron, i.e. θ . 10−11 [6, 7]. Note that weak
interaction is CP violating and the physically measurable θ parameter has two contributions coming from QCD as well
as weak interaction. So a naive argument of CP symmetry is not a good explanation of the smallness of the physical θ
parameter. The smallness of θ implied by the EDM constraint is a fine-tuning problem involving a precise cancellation
between two dimensionless terms generated by physics at different scales. Spontaneous breaking of the Peccei-Quinn
(PQ) symmetry is an elegant and robust manner to solve the strong CP problem in a dynamical manner which
predicts the smallness of the θ [1, 2]. Spontaneous breaking of Peccei-Quinn (PQ) symmetry also naturally predicts
a pseudo-Goldstone boson which is known as the axion [8, 9]. In the original axion model formulated by Peccei and
Quinn[1, 2], Weinberg [3] and Wilczek [4], the spontaneous breaking of the U(1)PQ symmetry occurs simultaneously
with the electroweak symmetry breaking giving rise to observational signals of axions which is in contradiction with
the observational evidence, e.g. K, J/ψ meson decay [10]. These constraints can be avoided in the invisible axion
models where the PQ symmetry breaking scale is high which gives rise to very light and weakly interacting axion.
[11, 12].
Axion mass, coupling to the other particles are inversely proportional to the PQ symmetry breaking scale. Hence
axions are very light as well as weakly interacting particles and it has been considered as a candidate for dark matter
[13–20]. The effect of axion on the stellar evolution has also been considered in the literature. Due to the strangeness-
changing non-leptonic weak interaction during the conversion of a neutron star into a strange star, axions could be
copiously produced. Axion might drastically alter the energy budget of stars [21]. Axions can be produced in hot
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2and dense astrophysical plasma which can transport energy out of stars. One can put a strong constraint on the
axion properties i.e. mass, coupling with normal matter and radiation using the stellar-evolution lifetimes or energy-
loss rates observation [22–25]. For stellar longevity, the rate at which a star can liberate its nuclear-free energy is
important, which is not only controlled by the nuclear reaction rates but also depends on the rate at which nuclear
energy can be transported through the star and radiated into the vacuum. In the absence of weakly interacting low
mass (as compared to typical stellar temperature) particles, by photon cooling the energy is dissipated away from
stars. However, a weakly interacting low mass particle has the potential to efficiently transporting energy away and
thereby shortening the lifetime of stars. Note that for efficient transport of energy liberated in the nuclear reactions in
a star, the particle should be weakly interacting, but the interaction with the nuclear matter should not be very small
so that the weakly interacting particles should be produced in sufficient numbers to carry away the nuclear energy
efficiently. For stars hotter than about 108 Kelvin neutrino cooling becomes comparable with the photon cooling.
Being a small mass and weakly interacting in nature, axions if produced in the hot and dense medium inside the stars
can also acts as a coolant. In stars the axions are produced by, Compton like process (γ+e− → a+e−), the Primakoff
process (γ + Z(e−) → a + Z(e−)) and axion bremsstrahlung (e− + Z → a + e− + Z). The axion emissivity due to
these processes is proportional to the axion mass (m2a) [17]. Therefore estimation of axion mass is of great importance
to investigate the effect of axion on the stellar cooling. Further it has been suggested that axion can form stars as
well as a Bose-Einstein condensate [26–38]. In the context of Bose-Einstein condensation of dark matter axions, to
estimate the thermalization of axion, it’s self interaction plays an important role in the calculation of the relaxation
rate [39]. Further ultra-light axion self-interactions can play an important role on the large scale structure of the
Universe [40]. It is therefore of paramount importance to know the characteristics of axion properties, e.g. axion mass
and the self-coupling in a hot and dense medium.
It is important to note that there are various computations of finite temperature axion mass which are available in
literature, e.g. dilute instanton gas, lattice QCD, instanton liquid model etc, which may not agree with one another
[41–46]. The temperature dependence of axion mass is important which can affect significantly the axion dark matter
abundance. Estimation of the axion potential closer to the QCD transition scale is also important and in the absence
of this knowledge, one parameterize the axion mass in a way that resembles the result from the dilute instanton gas
model [47, 48]. It may also be noted that such a parameterization of the axion mass with temperature can have a
discontinuity that does not encapsulate the variation of axion mass across the QCD transition scale [49]. At relatively
high temperatures with respect to the quark hadron transition scale, one can use perturbative techniques to estimate
axion properties, e.g., the dilute instanton gas approximation, however around and below the QCD transition scale,
nonperturbative effects can have a significant impact on the axion mass and coupling. To estimate the response of
the axion to a QCD thermal medium one can use QCD inspired effective field theories and phenomenological models,
e.g. the chiral perturbation theory (χPT) [50–52], Nambu-Jona-Lasinio (NJL) model [53, 54], etc. χPT which has
been used to study the θ vacuum of QCD and QCD axion physics, can predict a value of topological susceptibility
(topological susceptibility is proportional to the axion mass) which agrees with the lattice QCD results at zero
temperature [55–61]. Further, the computation of the axion potential can be extended to finite temperature for chiral
Lagrangian. In particular, at temperatures below the QCD transition scale (∼ 170 MeV) using chiral Lagrangian
the temperature dependence of the axion potential and its mass can be estimated. Although the χPT can give rise
to reliable prediction at low temperature, at high temperature χPT results may not be reliable, because in χPT
there are no partonic degrees of freedom which becomes important near and above the QCD transition temperature.
Perturbative expansion is also not under control around the QCD transition scale and non-perturbative methods are
required to study the axion properties.
Because of the limitation of χPT and perturbative techniques one can use QCD inspired chiral effective models,
e.g. Nambu-Jona-Lasinio (NJL) model to investigate the thermal properties of the axion. NJL model has been used
earlier to study the CP-violating effects and effect of theta vacuum on the QCD phase diagram [62–66]. This approach
has been considered in Refs.[67] and Ref.[68] to study the axion mass and self-coupling at finite temperature in the
absence as well as in the presence of a magnetic field. All these calculations show that near the chiral transition
temperature the axion mass and self-coupling are significantly modified. The NJL model which effectively explains
some of the key features of QCD e.g., chiral symmetry breaking and its restoration, does not address the effects of the
gluon degrees of freedom adequately. In the NJL model the gluonic degrees of freedom are integrated out and they
are replaced by a local four-Fermi type interaction of quark colour currents. Improvements upon the NJL model e.g.,
the Polyakov loop enhanced Nambu-Jona-Lasinio (PNJL) model takes into account this missing feature by including
a temporal background gluon field. As a result, both chiral and deconfinement aspects of QCD are captured within a
single framework [69–76]. In the PNJL model, the nonzero value of the Polyakov loop around the QCD transition scale
plays an important role, which may be important to study the axion physics, particularly across the QCD transition
scale.
Therefore in the present article, we study the axion mass and self-coupling using the Polyakov loop enhanced Nambu-
Jona-Lasinio (PNJL) model. The two most important properties of QCD are the chiral transition and confinement-
3deconfinement transition. Hence for an effective description of the QCD medium near the transition temperature,
the effective model should also reflect these properties of QCD. Nambu-Jona-Lasinio (NJL) model which is a key
ingredient of the PNJL model only deals with the fermionic part without gauge fields. NJL model includes the global
symmetries of QCD in the fermionic sector,e.g. chiral symmetry, baryon number, electric charge, strange number
symmetries, etc. In the NJL model, the dynamical generation of mass due to the multi quark interactions leads to the
spontaneous breaking of chiral symmetry. In the NJL model, the local SU(3)c gauge symmetry of QCD is replaced
by a global SU(3)c symmetry. So the NJL model lacks confinement property due to the absence of the QCD gauge
fields. Note that for Nc = 2 confinement is less significant and the thermodynamics can be described quite successfully
using the simplest NJL model [77]. On the other hand for Nc = 3 confinement is significant. In the PNJL model
both the chiral condensate and the Polyakov loop are considered as classical homogeneous fields which couple to the
quarks according to the symmetries and symmetry breaking patterns of QCD, therefore describes various aspects
of confinement and chiral symmetry breaking in a unifying framework. The confinement-deconfinement transition
which is characterized by the Polyakov loop order parameter is well defined in the static quark limit. Confinement-
deconfinement transition is characterized by the spontaneous breaking of the Z(3) center symmetry of QCD [78–81].
However, in the presence of dynamical quarks, the center symmetry is explicitly broken. Hence in the presence of a
dynamical quark Polyakov loop cannot be considered as an order parameter, but the Polyakov loop still serves as an
indicator of the confinement deconfinement transition [82–87]. It is important to note that PNJL model also has some
limitations, e.g. in the PNJL model the Polyakov loop is considered as a simple static background field. Transverse
gluons which play an important role in the thermodynamics of QCD matter at a very high temperature T & 2.5Tc,
are not considered in the PNJL model. Therefore the PNJL model is expected to describe QCD thermodynamics
only within a limited range of temperature [88]. The previous studies of axion properties within the framework of
the NJL model indicate that QCD transition significantly modifies axion mass and self coupling[67, 68]. Axion mass
and axion self-coupling decrease rapidly across the chiral transition temperature and there is a correlation between
the quark-antiquark condensate and axion properties studied in this model. In the PNJL model at finite temperature
presence of the nonvanishing value of the Polyakov loop affects quark-antiquark condensate, which eventually also
affects the axion mass and its self-coupling at finite temperature.
This paper is organised in the following manner. After the introduction, in Sec.(II) we discuss the formalism to
study the axion properties, i.e. it’s mass and self-coupling in the PNJL model. Using the formalism as given in
Sec.(II) we estimate the axion mass and self-coupling at finite temperature and quark chemical potential. We show
the results and the discussions of these results in Sec.(III). Finally in Sec.(IV) we conclude our investigation with an
outlook to it.
II. FORMALISM: AXION WITHIN THE PNJL MODEL
QCD, in principle, can have a parity violating term the so called θ term
Lθ =
θg2s
64π2
GaµνG˜
µν
a (1)
where, Gaµν is the gluon field strength and G˜
a
µν being its dual. Such term respects Lorentz invariance as well as gauge
invariance but violates parity unless θ = 0mod π. However, in nature, QCD respects CP to a large extent in vacuum
as the the magnitude of the CP violating term θ is small θ < 0.7×10−11 arising from measurement of intrinsic electric
dipole moment of neutrons.
A dynamical and elegant way to explain the smallness of θ is to elevate θ to a field such a way that it has a vanishing
vacuum expectation value and the normalized axion field is denoted as a(x) = θ(x)fa. Here fa is the axion decay
constant which also represents the PQ symmetry breaking scale. Phenomenology of axion is controlled by the axion
decay constant fa. Astrophysical observations, e.g. cooling rate of the SN1987A supernova,black hole superradiance
put stringent bounds on the PQ symmetry breaking scale, 108 . fa . 10
17 GeV [89–94]. Typically one could consider
fa to be of the order of grand unified scale (GUT scale) ∼ 10
16 GeV. Hence the interaction between the axion field
and the QCD gauge field now can be expressed as Lθ ∝ (a/fa)GG˜. In vacuum for θ = 0, spontaneous parity violation
does not exist as per Vafa-Witten theorem [95]. On the other hand, there could be CP violation for θ = π, by Dashen
phenomena, with the appearance of two degenerate CP-violating vacua separated by a potential barrier. Because of
the nonperturbative nature of this CP violating term, this has been studied in different low energy effective models.
In the present investigation, we shall confine our attention to PNJL model.
The PNJL model which is an extension of NJL model, is defined by a Lagrangian which couples the quarks to a
temporal background gauge field representing Polyakov loop dynamics. Explicitly, the Lagrangian density of the two
flavour PNJL model with the Kobayashi-Maskawa-t Hooft determinant interaction term incorporating the interaction
4with the axion can be expressed as [63, 96],
LPNJL = q¯ (iγνD
ν − mˆ) q − U(Φ[A], Φ¯[A], T ) + g1
3∑
a=0
[
(q¯τaq)
2 + (q¯iγ5τaq)
2
]
+ 8g2
[
eia/fadet(q¯RqL) + e
−ia/fadet(q¯LqR)
]
, (2)
here q = (qu, qd)
T is the quark field, mˆ represents the current quark mass matrix diag(mu,md). In the present
investigation we consider mu = md = m. τ0 is the 2 × 2 identity matrix, τa with a = 1, 2, 3 are the Pauli matrices.
The covariant derivative Dν = ∂ν − iAν and Aν = δν
0
A0. The gauge coupling is absorbed in the definition of
Aµ = gsA
a
µ
λa
2
, where Aaµ is the SU(3) gauge field and λa is the Gell-Mann matrix, gs is the gauge coupling. In
the NJL sector, g1 denotes the coupling of the four-quark interaction which includes scalar and pseudoscalar type
interactions. This interaction term is symmetric under SU(2)L × SU(2)R × U(1)V × U(1)A × SU(3)c symmetry.
g2 is the coupling of the Kobayashi-Maskawa -’t Hooft determinant interaction. This determinant is in the flavor
space. The determinant interaction term explicitly breaks the U(1)A symmetry of the Lagrangian. The Polyakov
loop potential U(Φ, Φ¯, T ), is the effective potential of the traced Polyakov loop and its Hermitian conjugate,
Φ =
1
Nc
TrL, Φ¯ =
1
Nc
TrL†. (3)
This trace is in the color space. The Polyakov loop operator L is the Wilson loop in the temporal direction which can
be expressed as [97, 98],
L(~x) = P exp
[
i
∫ β
0
dτA0(~x, τ)
]
, β = 1/T, (4)
where, P is a path ordering operator in the imaginary time τ = it. In a gauge where, A0 is time independent, one
can perform the integration trivially and we will have L = exp(iβA0). Further, one can rotate the gauge field in the
Cartan sub algebra Ac
0
= A3
0
λ3 +A8
0
λ8, so that L is diagonal in the color space [99].
In the absence of quarks, the Polyakov loop can be considered as an order parameter for the confinement-
deconfinement transition. Confinement-deconfinement transition is characterized by the spontaneous breaking of
the Z(3) center symmetry of QCD. For vanishing chemical potential Φ = Φ¯, but at finite baryon chemical potential
in general Φ 6= Φ¯. At low temperatures, the Polyakov loop potential has a unique minimum at Φ = 0 = Φ¯. However,
at a higher temperature, above the transition temperature an absolute minimum of U occurs at a nonvanishing value
of Φ and Φ¯. For vanishing baryon chemical potential, in the high-temperature limit T → ∞, Φ → 1. The effective
potential U which is written in terms of Φ and Φ¯, following the Z(3) symmetry is expressed as,
U(Φ, Φ¯, T ) =
[
−
b2(T )
2
Φ¯Φ−
b3
6
(
Φ3 + Φ¯3
)
+
b4
4
(ΦΦ¯)2
]
T 4, (5)
with,
b2(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
+ a3
(
T0
T
)3
. (6)
The coefficients ai and bi and T0 can be fixed using the pure-gauge Lattice QCD data. The coefficients ai and bi
are given in Table 1. The critical temperature T0 for confinement-deconfinement phase transition is fixed to be 270
MeV in the pure gauge sector [69–72].
TABLE I: Parameters for Polyakov loop potential
a0 a1 a2 a3 b3 b4
6.75 -1.95 2.625 -7.44 0.75 7.5
5In the mean-field approximation the thermodynamic potential (Ω) of the PNJL model at finite temperature (T )
and quark chemical potential (µ) can be expressed as [63, 96],
Ω(σ, η,Φ, Φ¯, a, T, µ) = Ωq(σ, η, a,Φ, Φ¯, T, µ)− g2(η
2 − σ2) cos
(
a
fa
)
+ g1(η
2 + σ2)− 2g2 ση sin
(
a
fa
)
+ U(Φ, Φ¯, T ),
(7)
here σ = 〈q¯q〉 is the scalar condensate and η = 〈q¯iγ5q〉 is the pseudoscalar condensate. In the mean field approximation
the fields are replaced by their expectation (thermal expectation) values. Throughout the manuscript we have used
the notation σ, η, Φ and Φ¯ to represent the fields as well as their expectation values for simplicity and convenience.
As mentioned above at a low temperature where Φ = 0 and Φ¯ = 0, the potential has only one minimum. For
temperatures higher than the transition temperature, the Φ and Φ¯ develop a nonvanishing vacuum expectation value,
and the cubic term in the Polyakov loop potential leads to Z(3) degenerate vacua. Also note that we are considering
vacuum to be isospin symmetric. Generally for a = 0 or θ = 0 the pseudoscalar condensate η vanishes. Therefore
parity as well as CP is not spontaneously broken at θ = 0. But any nonvanishing value of η indicates the spontaneous
breaking of parity symmetry and spontaneous CP violation. Any nonvanishing η emphasizes the fact that the axion
field couples to the axial current. In the PNJL model the fermionic contribution to the thermodynamic potential in
the grand canonical ensemble is,
Ωq = −4Nc
∫
d3p
(2π)3
Ep − 4T
∫
d3p
(2π)3
(
log
[
1 + 3Φ exp[−β(Ep − µ)] + 3Φ¯ exp[−2β(Ep − µ)] + exp[−3β(Ep − µ)]
]
+ log
[
1 + 3Φ¯ exp[−β(Ep + µ)] + 3Φ exp[−2β(Ep + µ)] + exp[−3β(Ep + µ)]
])
, (8)
here Nc = 3 is the number of colors, β = 1/T is the inverse of temperature and the single-particle energy Ep and the
effective mass are expressed as,
Ep =
√
p2 +M2, M =
√
(m+ α0)2 + β20 . (9)
The scalar and pseudoscalar condensate σ and η respectively enters in to the expression of effective mass M and
single-particle energy Ep through the functions α0 and β0 which are given as[67],
α0 = −2
(
g1 + g2 cos
(
a
fa
))
σ + 2g2 η sin
(
a
fa
)
(10)
β0 = −2
(
g1 − g2 cos
(
a
fa
))
η + 2g2 σ sin
(
a
fa
)
. (11)
The fermionic contribution to the thermodynamic potential of the PNJL model as given in Eq.(8) involves a
vacuum contribution (T = 0, µ = 0) and a medium contribution (T 6= 0, µ 6= 0). The vacuum term is ultraviolet
(UV) divergent. Various regularization methods have been used in literature to regulate this vacuum term, e.g. sharp
three momentum cutoff, medium separation regularization scheme, proper time regularization scheme, etc. In this
investigation we consider a sharp three momentum cutoff (Λ) to regulate the vacuum term. In the medium-term
distribution function takes care of the ultraviolet problem. The parameters used in the NJL part are the same as in
Refs. [63, 67, 100]. Here the cutoff parameter Λ = 590 MeV and the bare quark mass is taken as m = 6 MeV. Here
g1 = (1 − c)g and g2 = cg, where c = 0.2 and g = 2.435/Λ
2 [63, 66]. Parameter c determines the effect of instantons
and 0 ≤ c ≤ 0.5 [63, 66]. At θ = 0 the quark scalar condensate is only determined by Λ,m and the combination
g = g1 + g2. These parameters are fixed by fitting the physical pion mass mpi = 140.2 MeV and pion decay constant
fpi = 92.6 MeV. Some comment about the choice of the parameter c is in order here. The parameter c can be fixed
from the mass of the isoscalar pseudoscalar particle that arises in the spectrum from the breaking of U(1)A axial
symmetry. In a two flavor case, this isoscalar pseudoscalar meson can be identified with the η meson. The mass of η
meson can be approximately written in terms of pion mass (π) and the constituent quark mass (M) [101],
m2η = m
2
pi +
g2M
2
(g2
1
− g2
2
) f2pi
. (12)
6From Eq.(12) it is clear that for g1 = g2 i.e. for c = 0.5 the η meson disappears from the spectrum. However with
the physical mass of the η meson, i.e. mη = 547.8 MeV, Eq.(12) leads to a value of c ≃ 0.09 [102]. On the other
hand, for a realistic description of η meson, i.e. for a better way to fix the parameter c, one should consider a three
flavour NJL model including the strange quarks. For three flavor NJL model the determinant interaction becomes a
six fermion interaction which leads to η− η′ splitting. From the analysis of the η− η′ splitting in the three-flavor NJL
model predicts that c ∼ 0.2 is favorable [53, 100]. It should be pointed out that even in such cases, the value of c can
vary about 25% to 30 % (i.e., from c ∼ 0.21 to c ∼ 0.16) depending upon the different parametrization considered in
NJL model. In the present investigation we consider c = 0.2 in accordance with Refs. [63, 66–68, 96].
The physical values of the condensates σ0, η0,Φ0 and Φ¯0 can be obtained by solving the gap equations,
∂Ω
∂σ
= 0;
∂Ω
∂η
= 0;
∂Ω
∂Φ
= 0;
∂Ω
∂Φ¯
= 0. (13)
Note that the physical values of the condensates, σ0, η0,Φ0 and Φ¯0 are functions of a, T and µ. The effective
thermodynamic potential for the QCD axion within the framework of PNJL model in a hot and dense medium is then
given by,
Ω˜(a, T, µ) = Ω
[
σ0(a, T, µ), η0(a, T, µ),Φ0(a, T, µ), Φ¯0(a, T, µ), a, T, µ
]
. (14)
Using the axion potential one can obtain the axion mass and the axion self coupling can be obtained as,
m2a =
d2Ω˜
da2
|a=0 =
χ
f2a
; λa =
d4Ω˜
da4
|a=0. (15)
Here χ is the topological susceptibility. Note that all the physical condensates σ0, η0, Φ0 and Φ¯0 have implicit
dependence on the axion field. Hence,
dΩ˜
da
=
∂Ω˜
∂a
+
∂Ω˜
∂σ
∂σ
∂a
+
∂Ω˜
∂η
∂η
∂a
+
∂Ω˜
∂Φ
∂Φ
∂a
+
∂Ω˜
∂Φ¯
∂Φ¯
∂a
. (16)
Therefore to evaluate axion mass and self coupling as given in Eq.(15) we have to evaluate ∂
(n)σ
∂a(n)
, ∂
(n)η
∂a(n)
, ∂
(n)
Φ
∂a(n)
and
∂(n)Φ¯
∂a(n)
, where n = 1, 2, 3, 4 represents the order of the derivative. ∂
(n)σ
∂a(n)
, ∂
(n)η
∂a(n)
, ∂
(n)
Φ
∂a(n)
and ∂
(n)
Φ¯
∂a(n)
can be evaluated by
taking successive derivative of the gap equations as given in Eq.(13), with respect to the axion field a.
III. RESULTS AND DISCUSSION
A. Vanishing quark chemical potential
In this subsection, we present the results for vanishing quark chemical potential µ = 0. The Polyakov loop Φ and
its conjugate Φ¯ are the same at zero chemical potential. In general, the fields Φ and Φ¯ are different at non-zero quark
chemical potential. From the thermodynamic potential of the PNJL model as given in Eq.(7), we can observe that
the condensates Φ and Φ¯ only appears at finite temperature. Therefore the presence of Φ and Φ¯ can only affect the
other condensates at finite temperature. The effect of the Polyakov loop becomes significant around the transition
temperature. In fact due to the nonvanishing values of Φ and Φ¯ the chiral transition temperature in the PNJL model
changes to a higher value with respect to the same in the NJL model. The NJL model results are obtained from
Eq.(7) and Eq.(8) by replacing Φ = Φ¯ = 1 in Eq.(8) and taking U(Φ, Φ¯, T ) = 0 in Eq.(7). Thus we are taking the
same parameters in the NJL and PNJL model in the quark sector. All these features of having a nonvanishing value
of Φ and Φ¯ have been demonstrated in Fig. (1), Fig.(2), Fig.(3) and Fig.(4) . In Fig.1 we show the variation of the
normalized chiral condensate σ/σ0 with temperature in NJL and PNJL model for two different values of a/fa. Here
σ0 is the chiral condensate in vacuum for a/fa = 0. Left plot in Fig.1 is for a/fa = 0 and the right plot in Fig.1 is
for a/fa = 2π/3. From Fig.1, it is clear that the normalized condensate is same in both NJL and PNJL model at
low temperature (∼ 100 MeV). This is because the Polyakov loop is very small (∼ 0) at low temperature upto 100
MeV which is clearly seen in Fig.4. However, the Polyakov loop becomes nonzero after this temperature, hence the
normalized condensate differs in NJL and PNJL model at a higher temperature.
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FIG. 1: Left plot: variation of the normalized chiral condensate σ/σ0 with temperature for a/fa = 0. Right plot:
variation of the normalized chiral condensate σ/σ0 with temperature for a/fa = 2π/3. Here σ0 denotes the scalar
condensate at in vacuum for a/fa = 0.
The normalized condensate σ/σ0 in the NJL model starts to decrease from its maximum value at a relatively lower
temperature as compared to the PNJL model. The normalized condensate starts to drop at a higher temperature
(T ∼ 200 MeV) in the PNJL model as compared to the NJL model, where σ/σ0 starts to decrease at a relatively lower
temperature (T ∼ 100 MeV). This is because in PNJL model the chiral transition temperature is higher with respect
to the same in the NJL model, which has been clearly shown in Fig.(2). In the left plot in Fig.(2) we show the variation
of dσ/dT with temperature for the NJL model. In the right plot in Fig.(2) we show the variation of dσ/dT and dΦ/dT
with temperature for the PNJL model. From Fig.(2) we can see that the variation of dσ/dT and dΦ/dT shows a
nonmonotonic behavior with temperature with a peak. The peak in the variation of dσ/dT and dΦ/dT indicates
the chiral transition temperature and the confinement-deconfinement transition temperature respectively. It is clear
from Fig.(2) that the chiral transition temperature is higher in the PNJL model as compared to the NJL model. In
other words, one can say that chiral symmetry is restored at a lower temperature in the NJL model compared to
the PNJL model. This is also true for a/fa = 2π/3 as shown in the right plot of Fig.1. The normalized condensate
value is smaller for a/fa = 2π/3 compared to a/fa = 0 case. Also note that in the PNJL model the two transition
temperatures, i.e. the chiral transition temperature and the confinement-deconfinement transition temperature are
exactly not the same but they are very close. The left plot in Fig.2 shows the chiral transition temperature Tc ∼ 190
MeV in NJL model. But, the chiral transition temperature is 235 MeV and the deconfinement transition temperature
is 230 MeV in the PNJL model. So, we have taken the pseudo critical temperature, Tc = 230 MeV in the PNJL
model.
We have shown the variation of η with temperature in Fig.3 for a/fa = 2π/3. Note that η is always zero for
a/fa = 0. η has a similar kind of variation as the condensate σ as shown in Fig.1. For a nonvanishing value of a/fa,
η condensate (η 6= 0) occurs at low temperature and hence the parity symmetry is spontaneously broken. At higher
temperature T ∼ 200 MeV η is close to zero in NJL model. Therefore the parity symmetry is restored at a higher
temperature. The transition temperature for the parity symmetry restoration for the nonvanishing value of a/fa is
higher for the PNJL model with respect to the NJL model, analogous to chiral transition.
Fig.4 represents the variation of the Polyakov loop (Φ = Φ¯) with temperature for a/fa = 0 and a/fa = 2π/3. Φ
is almost same for both a/fa = 0 and a/fa = 2π/3. Note that the condensates Φ and Φ¯ are not directly coupled to
a/fa. Also the Polyakov loop potential is independent of a/fa. In the thermodynamic potential of PNJL model as
given in Eq.(7) the dependence of a/fa only comes through the terms which are associated with σ and η condensates.
Dependence of Φ and Φ¯ on the CP violating parameter θ ≡ a/fa translates through σ and η condensates, which
are connected with Φ and Φ¯ through the gap equations. For the temperature range for which Φ and Φ¯ becomes
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indicates that the location of the pseudo critical temperature in the NJL model which is Tc ∼ 190 MeV for the
parameter set considered here. Right plot: variation of dσ/dT and dΦ/dT with temperature in the PNJL model.
From this figure we can see that the pseudo critical temperatures for the chiral transition and the
confinement-deconfinement transition are almost same , i.e. chiral transition and the confinement-deconfinement
occurs almost simultaneously.
important, σ and η becomes less significant. Hence a/fa does not affect Φ and Φ¯ significantly. Φ is almost zero at a
lower temperature up to 100 MeV (confined phase), then it increases as temperature increases and goes towards the
deconfined phase. The Polyakov loop value approaches it’s asymptotic value of unity only at very large temperature.
Next in Fig.(5) we have shown the variation of σ with respect to a/fa at three different temperatures i.e T=0,
220 and 250 MeV. The periodic behavior of the condensate with respect to a/fa is due to cos(a/fa) and sin(a/fa)
terms present in the thermodynamic potential. This behavior of the condensate with a/fa is similar to the results as
obtained in NJL model in Ref. [67, 68]. σ reaches its maximum value for a/fa = (2i + 1)π, for i = 0, 1, 2 ...etc and
attains minimum for a/fa = 2iπ at all temperatures.
Fig.6 represents the variation of η with respect to a/fa for three different values of T = 0, 220 and 250 MeV. At
T = 0, η is discontinuous for a/fa = (2i + 1)π, for i= 0, 1, 2 ...etc. But η vanishes for a/fa = 2iπ. At T = 0 and
a/fa = (2i+1)π due to spontaneous CP symmetry violation there exists two degenerate vacua which is in agreement
with the Dashens phenomena [103]. The two vacua which have opposite signs of the condensate η differ by a CP
transformation between them. With increasing temperature, this degenerate vacuum structure vanishes. Fig.6 shows
that Dashen’s phenomena hold good at a higher temperature T ∼ 220 MeV. But, at T ∼ 250MeV , this phenomena
breaks down and η is a continuous as a function a/fa. This phenomenon breaks down at a much lower temperature
T = 180 MeV in the NJL model compared to the PNJL model as seen in Ref.[68].
In Fig.7 we have shown the variation of Polyakov loop Φ with respect to a/fa at T=220 MeV. At low temperatures,
Φ is almost zero. Φ becomes significant only in high-temperature range. Φ has similar kind of variation as the
condensate σ (as shown in Fig.5) with respect to a/fa. Note that the magnitude of Φ does not change significantly
with a/fa. As mentioned earlier Φ does not depend upon a/fa directly, also the Polyakov loop potential is independent
of a/fa. However, due to the gap equations, Φ depends upon the other condensates σ and η. Due to the variation of
σ and η with a/fa, indirectly Φ also depends on a/fa. Further in the temperature range where Φ has a significantly
large value, other condensates become very small. Hence the magnitude of Φ does not change much with a/fa. But
the dependence of σ and η on a/fa translates to the variation of Φ with a/fa through the gap equations.
Fig.8 shows the variation of the normalized thermodynamic potential or the axion potential with respect to a/fa.
At each temperature the value of the thermodynamic potential at a = 0 has been subtracted. This potential has
degenerate vacua at a/fa = 2iπ for i=0,1,2...etc. It also has maxima at a/fa = (2i+ 1)π. According to Vafa-Witten
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FIG. 3: Variation of the pseudo scalar condensate (η) with temperature for a/fa = 2π/3 in the NJL and PNJL
model. Non vanishing value of the pseudo scalar condensate indicates the spontaneous breaking of the parity
symmetry (P) or equivalently the breaking of the CP (charge conjugation and parity) symmetry in QCD. At zero
temperature CP symmetry is spontaneously broken for a/fa = 2π/3, but at a high temperature this symmetry is
restored. In PNJL model restoration of the CP symmetry happens at a relatively higher temperature as compared
to the NJL model.
theorem, the effective potential should have minimum at a = 0, which is clear from this figure. At finite temperature
the effective potential becomes flatter. As the temperature is increased from 0 to 180 MeV, the potential does not
change much. This is because in this temperature range the condensate values do not change much in the PNJL
model as shown in Figs.1, 3 and 4 respectively. Further for a higher temperature range above 180 MeV the values of
the different condensates, e.g. σ, η, and Φ changes significantly in PNJL model, so does the effective potential. As
compared to the PNJL model in the NJL model the effective potential becomes flatter at a much lower temperature
as has been reported in Ref.[67, 68]. As the temperature is increased further, the barrier between degenerate vacua
decreases. The barrier vanishes above T ∼ 250 MeV.
In Fig.(9) we compare the normalized axion potential in NJL, PNJL and chiral perturbation theory (χPT). For the
SU(2) chiral perturbation theory up to next-to-leading order the temperature dependence of the axion potential for
mu = md is given as [67, 104],
Ω(a, T ) = Ω(a)
[
1−
3
2
T 4
π2f2piM
2
pi
×
∫ ∞
0
q2 log
(
1− exp
[
−
√
q2 +M2pi/T
2
])
dq
]
, (17)
here the zero temperature axion potential Ω(a) in the χPT model is [104],
Ω(a) = −m2pif
2
pi
√
1−
4mumd
(mu +md)2
sin2
(
a
2fa
)
, (18)
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FIG. 4: Variation of the Polyakov loop Φ with temperature for a/fa = 0 and a/fa = 2π/3. For vanishing quark
chemical potential Φ and Φ¯ are same. From this plot we can observe that for the low temperature range T . 0.1
GeV, Φ is not large. Only for a high temperature range Φ is significant. Due to the absence of any direct interaction
between the Polyakov loop and the axion field in the PNJL model, variation of Φ is not strongly affected by the
axion field.
and the a/fa dependent pion mass Mpi can be expressed as [104],
M2pi
(
a
fa
)
= m2pi
√
1−
4mumd
(mu +md)2
sin2
(
a
2fa
)
. (19)
In Fig.(9) the thermodynamic potential is given with respect to the potential at a = 0 at each temperature. From the
Fig.(9)(a) we can observe that at zero temperature all the three models i.e. NJL, PNJL and the chiral perturbation
theory are equivalent. On the other hand at finite temperature these models tend to differ as can be seen in Fig.(9)(b)
and Fig.(9)(c). Note that chiral perturbation theory does not incorporate quark degree of freedom. Therefore at a
high temperature in comparison with the QCD transition scale χPT predictions are not reliable. On the other hand
NJL model only deals with the chiral symmetry of QCD and does not include gauge fields. Further PNJL model
incorporates quark degree of freedom as well as temporal QCD gauge field. The Polyakov loop contribution to the
thermodynamic potential becomes very important near the QCD transition scale. Therefore at finite temperature
particularly near the QCD transition scale the difference in these models are expected.
Next we show the variation of the normalized or dimensionless axion mass (ma(T )/ma(T = 0)) and the normalized
topological susceptibility (χ(T )/χ(T = 0)) with temperature. In the left plot of Fig.(10) we show the variation of the
normalized axion mass (ma(T )/ma(T = 0)) for PNJL model. For a comparison, we have given the normalized axion
mass which is found in the NJL model and in chiral perturbation theory[67, 68]. In the next-to-leading order axion
mass can be expressed as [104],
m2a(T )
m2a
= 1−
3
2
T 2
f2pi
J1
(
m2pi
T 2
)
, (20)
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FIG. 5: Variation of scalar condensate σ with a/fa for three different values of temperature in the PNJL model.
The periodic variation of σ with a/fa is due to the dependence of the thermodynamic potential on the periodic
functions sin(a/fa) and cos(a/fa).
here,
Jn (ζ) =
1
(n− 1)!
(
−
∂
∂ζ
)n
J0 (ζ) , J0 (ζ) = −
1
π2
∫ ∞
0
dq q2 log
(
1− exp
(
−
√
q2 + ζ
))
(21)
Using Eq.(20) and Eq..(21) the axion mass at finite temperature can be expressed as,
m2a(T )
m2a
= 1−
3
4π2
T 2
f2pi
∫ ∞
0
dq
q2√
q2 +
m2
pi
T 2
1
exp
(√
q2 +
m2
pi
T 2
)
− 1
. (22)
Here ma is the axion mass in vacuum. It is important to note that the axion mass as given in the Eq.(22) in
the chiral perturbation theory in only applicable in the temperature range below the QCD transition scale. In the
low-temperature range T . 100 MeV there is not much difference between the axion mass for NJL model, PNJL
model and chiral perturbation theory. In fact, at zero temperature the axion mass as obtained in the PNJL model
is mafa = 0.00638 GeV
2, which is also the value of the axion mass obtained in the NJL model [68]. Note that
the value of the axion mass at zero temperature as found in the NJL and PNJL model is similar to the other
estimates of the axion mass, e.g. in Chiral perturbation theory [104]. Only in the high-temperature range (T > 100
MeV) there is a significant difference between the results between NJL and PNJL model. This is because in the
high-temperature range the Polyakov loop plays an important role in the PNJL model, where the scalar and the
pseudoscalar condensate are affected by the Φ. From this figure, it is clear that the axion mass is sensitive to the
chiral transition temperature. In the PNJL model the Polyakov loop affects the chiral transition temperature. In fact
chiral transition temperature increases in the PNJL model compared to the NJL model. This increase in the chiral
transition temperature is also manifested in the variation of the axion mass with temperature. Note that according to
Eq.(15), χ(T )/χ(T = 0) = m2a(T )/m
2
a(T = 0). Hence the topological susceptibility is just another way to represent
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conjugate. With increasing temperature this degenerate vacuum structure goes away.
the axion mass. In the right plot of Fig.(10) we present the variation of the normalized topological susceptibility
χ(T )/χ(T = 0) with T/Tc in the PNJL model. For comparison, we have also given the results for the NJL model
and 2 flavour lattice QCD results [105]. Near the transition temperature PNJL model results for the normalized
topological susceptibility is consistent with the lattice QCD results.
Variation of the normalized axion self coupling λa(T )/λa(T = 0) with temperature is shown in Fig.(11). For
comparison, we have also given the results for λa(T )/λa(T = 0) estimated in the NJL model and in the chiral
perturbation theory[67, 68]. In the low temperature range as compared to the QCD transition scale the temperature
dependent axion self coupling can be expressed as [104],
λa(T )
λa
= 1−
3
2
T 2
f2pi
J1
(
m2pi
T 2
)
+
9
2
m2pi
f2pi
mumd
m2u −mumd +m
2
d
J2
(
m2pi
T 2
)
. (23)
J1
(
m2
pi
T 2
)
and J2
(
m2
pi
T 2
)
in Eq.(23) can be obtained using Eq.(21). Using Eq.(21) and Eq.(23) the axion self coupling
13
0.282
0.284
0.286
0.288
0.29
0.292
0.294
0.296
0.298
0.3
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Φ
a/(fapi)
T = 0.22 GeV
FIG. 7: Variation of Φ with a/fa for T=220 MeV. Variation of Φ with a/fa is similar to the variation of scalar
condensate with a/fa. Note that the Polyakov loop does not have direct coupling with the axion field. However due
to gap equation Φ is connected with the other condensates which depend on a/fa. Therefore Φ indirectly depends
on a/fa.
at finite temperature for mu = md can be expressed as,
λa(T )
λa
=1−
3
4π2
T 2
f2pi
∫ ∞
0
dq
q2√
q2 +
m2
pi
T 2
1
exp
(√
q2 +
m2
pi
T 2
)
− 1
+
9m2pi
8π2f2pi
∫ ∞
0
dq
q2(√
q2 +
m2
pi
T 2
)3

 1
exp
(√
q2 +
m2
pi
T 2
)
− 1


2
×
[
exp
(√
q2 +
m2pi
T 2
)(√
q2 +
m2pi
T 2
+ 1
)
− 1
]
(24)
At zero temperature the value of the axion self-coupling as estimated in the PNJL model is, λaf
4
a = −(55.64)
4 MeV4.
It is clear from the Fig.(11) that the results for the NJL model, chiral perturbation theory and PNJL model are in
agreement in the low temperature range. But for the high-temperature range, the PNJL model results are significantly
different from that of NJL model results. As mentioned earlier this is due to the fact that in the PNJL model the
Polyakov loop Φ only becomes effective in the high-temperature range T > 100 MeV.
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B. Finite quark chemical potential
In this subsection, we discuss the results for nonvanishing values of quark chemical potential (µ). It is important
to mention that effects of finite baryon density has been recently discussed in Ref.[106]. At very high densities
accessible inside the core of neutron stars the Fermi momentum is not far from the scale of QCD dynamics (ΛQCD).
In particular for the chemical potential above the pion mass, finite density corrections can have an important impact
on the properties of the axion [106]. It has been argued in Ref.[106] in the context of chiral Lagrangian extrapolated
at finite density, that due to the suppression of the QCD-instantons the axion mass decreases in a dense medium with
respect to the vacuum (without medium). We also get a suppression in the axion mass and coupling as estimated at
finite quark chemical potential.
In the left plot in Fig.(12) we have shown the variation of the normalized chiral condensate (σ/σ0). On the other
hand the right plot in Fig.(12) shows the variation of the Polyakov loop Φ, and its conjugate Φ¯ with temperature for
nonvanishing values of the quark chemical potential. Note that for Fig.(12) we have considered the value of a/fa = 0,
this is because here we are interested in the axion properties which are defined at a/fa = 0. The left plot in Fig.(12)
indicates that with an increase in the quark chemical potential the chiral transition temperature decreases both in
NJL and PNJL model. Note that for the range of quark chemical potential considered in these plots the chiral
transition is smooth. Only at higher quark chemical potential and low-temperature, one expects the chiral transition
to be discontinuous [53]. From the right plot in Fig.(12) we see that variation of the Φ and Φ¯ with the temperature
at finite quark chemical potential is similar to the variation of Φ and Φ¯ at vanishing quark chemical potential. The
only important difference here is the fact that at finite quark chemical potential the values of Polyakov loop Φ and it’s
conjugate Φ¯ are not the same. Note that at finite quark chemical potential the thermodynamic potential contains an
imaginary part, and the condensates Φ and Φ¯ are real but not the same. This is reminiscent of the complex fermion
determinant for nonvanishing value of the quark chemical potential.
Next, we show the variation of the axion properties with temperature for nonvanishing values of the quark chemical
potential. In the left plot of Fig.(13) we have shown the variation of the normalized axion mass with temperature
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and quark chemical potential. It is clear that there is a correlation between the scalar condensate and the axion
properties, i.e. in the chirally restored or deconfined phase the value of the scalar condensate, as well as the axion
mass, is small with respect to the same in the confined or the chiral symmetry broken phase. With increasing
quark chemical potential chiral transition temperature decreases which affect the axion mass. Hence with an increase
in the quark chemical potential axion mass starts to decrease at a lower temperature both in the NJL and PNJL
model. In the right plot, we show the variation of the normalized axion self-coupling, i.e. λa(T, µ)/λa(T = 0, µ = 0)
with temperature and quark chemical potential. With an increase in the quark chemical potential, it is clear that
λa(T, µ)/λa(T = 0, µ = 0) starts to decrease at a lower temperature both in NJL and PNJL model. This behaviour
of λa(T, µ)/λa(T = 0, µ = 0) is consistent with the fact that with an increase in the quark chemical potential chiral
transition temperature decreases.
Finally, we discuss the results for vanishing temperature and finite quark chemical potential. Note that for zero
temperature and a/fa = 0 all the condensate apart from the scalar condensate, i.e. η, Φ and Φ¯ does not contribute to
the thermodynamic potential. Hence for zero temperature, there is no difference between the NJL and PNJL results.
In Fig.(14) we have shown the variation of the thermodynamic potential with the scalar condensate (σ) for different
values of quark chemical potential. From this figure, we can see that the thermodynamic potential has multiple
vacuum structure. At µ . 0.385 GeV the vacuum at σ ∼ −0.028 GeV3 is stable and the vacuum at σ ∼ −0.001
GeV3 is not a stable vacuum. However, at µ ∼ 0.385 GeV both the vacuum are almost degenerate. The presence of
degenerate vacua in the thermodynamic potential is the indication of the first-order phase transition. For µ > 0.385
GeV the vacuum near σ ∼ −0.001 GeV3 is a stable vacuum. Therefore at zero temperature and finite quark chemical
potential, the chiral transition is first order in nature, because the chiral condensate which is also the order parameter
of the chiral transition changes discontinuously across the critical value of the quark chemical potential. In this case,
the first order chiral phase transition at zero temperature occurs at µ ∼ 0.385 GeV.
The discontinuous change of the chiral condensate also translates into the variation of the normalized mass of
the axion (ma(µ)/ma(µ = 0)) and the axion self coupling (λa(µ)/λa(µ = 0)). In the left plot of Fig.(15) we have
shown that variation of the normalized mass of the axion (ma(µ)/ma(µ = 0)) the with quark chemical potential at
zero temperature. On the other hand in the right plot of Fig.(15) we have shown that variation of the normalized
axion self-coupling (λa(µ)/λa(µ = 0)) the with quark chemical potential at zero temperature. Due to the correlation
between the chiral transition and the axion properties, we can see a discontinuous variation of the axion properties
across the critical value of the quark chemical potential.
IV. CONCLUSION
In this article, we have studied the effects of hot and dense QCD medium on the axion properties e.g. it’s mass
and self coupling. In this investigation QCD medium at finite temperature and finite quark chemical potential has
been described by Polyakov loop enhanced Nambu-Jona-Lasinio (PNJL) model. In Ref.[67, 68] the temperature
dependence of axion mass and coupling has been investigated within the framework of Nambu-Jona-Lasinio model.
Various methods have been used in literature to study the axion properties at finite temperature. For low temperature
range chiral perturbation theory (χPT) gives reliable prediction of the axion mass and self coupling. On the other
hand at high temperature as compared to the QCD transition temperature perturbative techniques can be used
to estimate the finite temperature effect on the axion mass and coupling. However near the QCD transition scale
where non perturbative techniques are important one can use the QCD inspired effective models to describe the hot
and dense QCD medium. NJL model which is one of such QCD inspired models indicates that across the QCD
transition temperature the axion properties can be significantly modified by the hot and dense medium. However it is
important to note that although the chiral transition or the phenomenological aspects of the chiral symmetry of QCD
is incorporated in the NJL model, but due to the lack of the QCD gauge fields, confinement property of QCD is not
properly incorporated in the NJL model. Polyakov loop enhanced Nambu-Jona-Lasinio model, on the other hand,
takes into account the phenomenological aspects of the chiral symmetry of QCD along with confinement in an unified
framework. The Polykaov loop which takes a nonvanishing value at finite temperature and quark chemical potential
plays an important role near the critical temperature in PNJL model. Therefore there is a significant difference in axion
properties calculated in NJL and PNJL model due to nonzero value of Polyakov loop around the critical temperature.
We find that axion properties are correlated with the chiral transition or confinement-deconfinement transition. The
axion mass, topological susceptibility and self coupling etc., are significant upto a temperature T ∼ 230 MeV in PNJL
model at vanishing quark chemical potential as compared to the NJL model where the axion mass and self coupling
becomes small at a relatively small temperature T ∼ 190 MeV. These properties show a weak temperature dependence
at low temperature as compared to the QCD transition temperature and they changes significantly across the QCD
transition scale. We have compared the normalized susceptibility ( ratio of susceptibility at finite temperature to
the susceptibility at zero temperature) at vanishing quark chemical potential with Lattice QCD results. It matches
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well with lattice QCD results. We have also calculated axion properties at finite chemical potential. The critical
temperature for chiral symmetry restoration decreases as chemical potential increases which also translates into the
axion properties, i.e. axion mass as self coupling decreases with chemical potential. At zero temperature but for
nonvanishing quark chemical potential, different axion properties like mass and self coupling are constant up to the
critical chemical potential and decreases above the critical chemical potential. At zero temperature but finite quark
chemical potential the axion mass and self coupling changes discontinuously across the QCD transition scale. Axions
are discussed in literature in various context, e.g. early universe, dark matter, neutron stars etc. It is important to
note that in the context of early universe the quark chemical potential or the baryon chemical potential is very small.
Therefore in this case the effect of hot QCD medium on the axion properties can be important input for the axion
physics. On the other hand inside the compact objects like neutron stars the temperature is rather small but the
baryon number density can be large. In this scenario the effect of quark chemical potential on the axion properties
can be significant in the study of the axion physics.
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FIG. 9: Variation of the thermodynamic potential with a/fa in different models. Plot (a) is for zero temperature
and plot (b) and plot (c) are for finite temperature. We can observe from these plots that at zero temperature all
the three models (NJL, PNJL and χPT ) give similar estimation of the axion contribution to the thermodynamic
potential and they are equivalent. However with increasing temperature they start to differ as can be seen from plot
(b) and (c).
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FIG. 10: Left plot: Variation of the normalized axion mass ma(T )/ma(T = 0) with temperature for PNJL model.
ma(T = 0) is the axion mass in vacuum. For comparison we have also plotted the NJL model results and chiral
perturbation theory results for the axion mass. Right plot: Variation of the Topological susceptibility
χ(T )/χ(T = 0) with temperature. For comparison we have also provided the results for NJL model and 2 flavour
lattice QCD results as given in Ref.[105].
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FIG. 11: Variation of the normalized axion self coupling λa(T )/λa(T = 0) with temperature for PNJL model.
λa(T = 0) is the axion self coupling in vacuum. For comparison we have also plotted the NJL model results and the
chiral perturbation theory results for the axion self coupling.
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for nonvanishing values of the quark chemical potential.
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FIG. 13: Left plot: Variation of the normalized axion mass at finite temperature and quark chemical potential with
temperature for different values of the quark chemical potential. At finite quark chemical potential due to the
suppression of the instanton effects the axion mass reduces with quark chemical potential. Right plot: Variation of
the normalized axion self coupling at finite temperature and quark chemical potential, with temperature for different
values of the quark chemical potential. Similar to the axion mass, axion self coupling also reduces with temperature
and quark chemical potential.
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FIG. 14: Variation of the thermodynamic potential Ω with chiral condensate σ at T = 0 for different values of the
quark chemical potential. Multiple vacuum structure of the thermodynamic potential is clearly observed in this
figure. For µ . 0.385 GeV the vacuum at σ ∼ −0.028 GeV3 is stable as compared to the vacuum at σ ∼ −0.001
GeV3. But for µ > 0.385 GeV the vacuum at σ ∼ −0.001 GeV3 is stable. It is also clear that across the critical
chemical potential the chiral condensate changes discontinuously. At zero temperature the chiral transition is first
order in nature and the critical value of this transition is µ ∼ 0.385 GeV for the parameters considered here.
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